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INTRODUCTION

Growing interest in the design of optical systems
capable of operating efficiently at long distances
(>100 km) in the atmosphere under different condi�
tions is caused by the rapid development of wireless
optical communications, remote sensing, active and
passive target observation, tracking, and recognition,
and problems of optical energy transfer to remote
objects. When optical waves propagate in the atmo�
sphere to long distances, turbulent distortions can
cause significant variations in the parameters of a wave
received and thus strongly affect the operational effi�
ciency of optical systems. 

The turbulence effect during laser radiation propa�
gation along atmospheric paths is usually connected
with radiation intensity fluctuations, beam wandering
and broadening, spatially inhomogeneous distortions
of images, generation of singularities (branch points)
of the wave phase front, and so on [1–4].

At present, the analysis of atmospheric turbulence
effects is based on theoretical and numerical models
derived from classical Kolmogorov–Obukhov turbu�
lence theory [5–8]. It was developed in the 1940–
1960s and repeatedly confirmed by different atmo�
spheric experiments. Most of these experiments were
carried out along relatively short atmospheric paths
(no longer than several tens of kilometers [9–12]).

In the past decade, more and more researchers
concluded that extension of the classical Kolmog�
orov–Obukhov turbulence theory to the analysis of
the atmospheric turbulence effect on long�distance
optical wave propagation is ungrounded. Many quite

long�path experiments [13–19] point to significant
deviations of the results from this model.

One of the reasons for this deviation can be neglect
of large�scale atmospheric inhomogeneities (compa�
rable with the radiation propagation distance) within
the classical model. Occurrence of these inhomogene�
ities is caused by the dynamics of large�scale air flows
that lead to the formation of inhomogeneous atmo�
spheric layers with a large variety of self�organizing
spatiotemporal coherent structures, including gravity
waves, Benard cells, jets and stratified flows, and other
atmospheric instabilities, which result in nonstation�
ary refractive effects.

In this work, we show that large�scale atmospheric
inhomogeneities observed experimentally can strongly
affect radiation propagation. In addition, we show that
accounting for this effect within the classical turbu�
lence model is impossible.

CHARACTERISTICS OF MODEL 
AND MEASURED INHOMOGENEITIES 

OF ATMOSPHERIC REFRACTIVE INDEX

Let us consider laser radiation propagation along
low�inclined high�altitude (10–30 km) paths 100–
500 km long. A common approach to solution of the
problem of optical radiation propagation in an inho�
mogeneous atmosphere reduces to accounting for two
factors: turbulence (beam distortion on random inho�
mogeneities) and regular refraction (beam shift as a
whole). Such problems are usually studied by numeri�
cal methods, within which the turbulence is simulated
by a sequence of phase screens. The variance of screen
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phase fluctuations is determined by the values of the

structure parameter of refractive index  at altitudes
specified. In this case, limitation of the lateral size of
the phase screens set on a finite computational grid
correspondingly limits the size of atmospheric inho�
mogeneities (to several tens of meters) which are con�
sidered in simulation by common methods. As is
shown below, the use of turbulent screens with an
outer scale larger than the screen size [21–23] does not
allow the effect of large�scale inhomogeneities occur�
ring in the real atmosphere to be considered as well.
For scales much larger than the beam cross�section
size, only an averaged variation in the air density with
altitude is considered. It is supposed that this air den�
sity inhomogeneity results in regular radiation diffrac�
tion (vertical beam shift) without other beam distor�
tions.

To calculate the regular diffraction, different mod�
els of vertical air density distribution can be used [24,
25]. The International Standard Atmosphere (ISA) is
used quite often, i.e., a hypothetical vertical air density
distribution throughout the Earth’s atmosphere,
which, according to an international agreement, rep�
resents the annual average and midlatitude state [26].

The air density profile is not a linear function of
altitude in ISA. That is, in addition to a nonzero gra�
dient of the refractive index, it provides nonzero sec�
ond derivatives of the refractive index. Hence, there is
not only linear inhomogeneity of the refractive index
within a beam cross�section, but also quadratic inhomo�
geneity that causes radiation focusing or defocusing.

The refraction length LR is used in nonlinear optics
to describe the focusing (defocusing) effect of an inho�
mogeneous medium (by analogy with the diffraction
length). The refraction length determines the distance
at which the quadratic inhomogeneity of the refractive
index causes noticeable beam focusing or defocusing.
This length is connected with the second derivative of
the refractive index n2 = d2n/dR2 by the following
equation:

(1)

where R is the coordinate in a plane normal to the
beam propagation axis.

Calculation of the refraction length for the air den�
sity distribution corresponding to ISA at different alti�
tudes (see below, minus means focusing) was carried
out with the use of the following relationship between
perturbations of the refractive index n' and air density
ρ' : n' = Gρ', where G is the Gladstone–Dale constant.
This constant is 0.226 × 10–3 m3/kg for light with the
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wavelength λ = 632.8 nm for air temperature of 288 K
and pressure of 0.1013 MPa.

It is seen that a focusing channel with a character�
istic refraction length (focusing length) of 559.1 km is
formed at an altitude of 11 km. That is, the refraction
length becomes comparable with the propagation dis�
tance even for a maximally smoothed model of vertical
density distribution. When using other density distri�
bution models, e.g., the summer or winter midlatitude
model, the refraction length becomes even smaller.

Let us note that the model air density distributions
used are inhomogeneous only in the vertical direction,
while they do not manifest in variations in the hori�
zontal beam size. However, it is evident that the real
state of the atmosphere always deviates from model
states. Occurrence of random deviations from the
smoothed profile results in an additional increase in
the modulus of the second derivative of the refractive
index with respect to the vertical coordinate and a
nonzero second derivative with respect to the horizon�
tal coordinate (decrease in the refraction length).

In the real anisotropic atmosphere, mean values of
the second derivatives of the refractive index differ in
vertical and horizontal directions [16]. However,
assuming that both components of the second deriva�
tive of the refractive index are of one order, we estimate
the radiation refraction length in the real atmosphere
on the basis of vertical air density distributions mea�
sured [27, 28]. These measurements have been carried
out for altitudes higher than 20 km. Based on Eq. (1),
we can find that the refraction length is about 300–
600 km at altitudes of 20–24 km. If we assume that rel�
ative density deviations from ISA have the same char�
acter at other altitudes, then we can find that LR ≈
150–350 km at an altitude of 10 km and 100–250 km
at an altitude of 3 km.

The relative perturbation of air density relative to
ISA in the lidar data [27, 28] is measured with an alti�
tude resolution of 192 m, i.e., it characterizes atmo�
spheric inhomogeneities with scales larger than 200 m.
The characteristic vertical sizes of air density inhomo�
geneities are 1–2 km in this case. Vertical density pro�
files have been measured at 10�minute intervals. By
analogy with the frozen turbulence hypothesis [29],
these measurements can be extended in space along
the wind velocity vector, and the horizontal sizes of

H, m LR, km

3000 780.6

10000 964.3

11000 –559.1

12000 763.9

15000 968.3

20000 1379.6

25000 2094.5
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inhomogeneities, which vary in this case within wide
limits from 10 to 60 km, can be estimated.

ESTIMATION OF THE EFFECT OF LARGE�
SCALE INHOMOGENEITIES ON RADIATION 
PROPAGATION WITHIN THE KOLMOGOROV–

OBUKHOV MODEL

Let us estimate the effect of large�scale atmo�
spheric inhomogeneities on laser radiation propaga�
tion along long paths. First, we estimate the effect
within the classical Kolmogorov–Obukhov model for
homogeneous (quasi�homogeneous) and isotropic
turbulence. For this, we use the approach suggested in
[1], within which turbulent inhomogeneities are rep�
resented by lenses bounded by spherical surfaces. This
qualitative approach allowed the authors [1] to derive
an equation for amplitude and wave phase fluctua�
tions, which coincide with results of the method of
smooth perturbations (MSP) accurate to numerical
coefficients.

Let ln be the diameter of a spherical lens and nli be
the deviation of the refractive index inside the ith lens
from the medium average value. Then the focal length
of this lens Fi = ln/2nli. N = L/ln inhomogeneities fall
on a propagation path of length L. The total optical
power 1/FΣ of several weak lenses, distances between
which are small in comparison with their focal lengths,
is equal to a sum of optical powers of individual lenses,
i.e., 

(2)

Supposing statistical independence of perturba�
tions of the refractive index in the lenses, the variance
of the total optical power of inhomogeneities along the
path is defined as

(3)

where angular brackets mean averaging over realiza�
tions of random inhomogeneities.

The structure function of the refractive index in the
following form answers to the classical turbulence
model:

(4)

Again, an inhomogeneity of ln in size is character�
ized by fluctuations of the refractive index of about

(5)

Substituting Eq. (5) in Eq. (3), we find
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Correspondingly, the standard deviation of the
total focal length along the path caused by inhomoge�
neities of ln in size can be estimated as

(6)

Equation (6) allows effects of inhomogeneities of
different sizes to be estimated. Below we represent the
estimation results of the standard deviation of the total

focal length for the distance L = 500 km and  =
10–15 m–2/3; this value, according to the Gurvich
models [30], is maximal for an altitude of 20 km:

It is seen that optical effect of the inhomogeneities
on radiation rapidly weakens as their size increases.
The focusing effect of inhomogeneities of about 100 m
in size and larger manifests at distances several�fold
longer that the propagation distance and, hence, this
effect can be neglected. We should note that this con�
clusion is valid for results obtained on the basis of
Eq. (6) for the classical turbulence.

ESTIMATION OF THE EFFECT
OF EXPERIMENTALLY RECORDED LARGE�
SCALE ATMOSPHERIC INHOMOGENEITIES 

ON RADIATION PROPAGATION

Let us now estimate inhomogeneities recorded in
the lidar experiments [27, 28] in a similar way. Let an
inhomogeneity be characterized by the second deriva�
tive of the refractive index n2 and have the length lz

along a propagation path. In this case, the focal length
of the ith inhomogeneity  N = L/lz inho�
mogeneities fall on the propagation path of L in
length, and their total optical power

Supposing, as above, statistical independence of
perturbations of the refractive index in the inhomoge�
neities, the variance of the total optical power of the
inhomogeneities along the path is 
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Correspondingly, the estimate of the standard devi�
ation of the total focal length along the path with inho�
mogeneities of lz in size can be written as

(7)

where LR is the refraction length connected with per�
turbations of the refractive index by Eq. (1).

As is shown above, the second derivatives of the
refractive index give the refraction length of about
300–600 km at altitudes of 20–24 km. Let LR =
400 km, then we find the following values of the stan�
dard deviation of the total focal length depending on
the longitudinal size of inhomogeneities for the dis�
tance L = 500 km:

It is seen that the effect of the inhomogeneities on
beam propagation becomes stronger with an increase
in the inhomogeneity sizes in this case, in contrast to
the classical turbulence model.

The above estimates are rough, but they allow us to
consider the role of large�scale inhomogeneities
within one approach and draw the following conclu�
sion. Large�scale inhomogeneities observed experi�
mentally [27, 28] should be taken into account during
simulation of laser radiation propagation along long
paths, but this is impossible within the classical turbu�
lence model.

Thus, a need in a new atmospheric turbulence
model arises for the problem of numerical simulation
of laser radiation propagation along long atmospheric
paths.

lz, km  km

5 4131.2
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20 1600.0

50 1011.9

100 715.5
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TURBULENT ATMOSPHERIC MODEL 
CONSIDERING LARGE�SCALE 

INHOMOGENEITIES

Adaptation of the classical method based on the
formation of turbulent phase screens to simulation of
large�scale atmospheric inhomogeneities meets two
difficulties. First, it is difficult to satisfy the condition
of statistical independence for these screens; for this,
they should be distanced too far from each other, far�
ther than the inhomogeneity size. Second, construc�
tion of these screens is based on a known spectrum of
phase fluctuations of a plane wave in a turbulent
medium. However, these spectra have been built only
for the classical turbulence and, as is shown above,
cannot be generalized to large�scale inhomogeneities.
The use of turbulence spectra different from the Kol�
mogorov spectrum [31, 32] does not allow correct
accounting for the effect of inhomogeneities about
1 km in size present in the real atmosphere as well.

Therefore, a model that includes large�scale inho�
mogeneities should be based on a 3D air density
(refractive index) distribution. This distribution can be
a result of both in situ measurements (ground�based,
airborne, satellite, etc.) and numerical simulation of
atmospheric currents. This distribution of the refrac�
tive index is representable as a 3D data array (Fig. 1) in
simulation problems.

The estimates of the effect of large�scale inhomo�
geneities given in this work allow a conclusion that an
optimal step for the computational grid in a plane nor�
mal to the radiation propagation axis is about 100 m.
In this case, smaller inhomogeneities can be taken into
account with the use of classical 2D phase screens, and
a 3D refractive index distribution measured (or simu�
lated) can be used for larger inhomogeneities. 

The lidar measurement results of large�scale atmo�
spheric inhomogeneities [27, 28] allow construction
of a (zero) 3D turbulence model. By analogy with the
frozen turbulence, we can extend these measurements
(vertical air density distributions) in a horizontal
direction along the wind velocity vector and find a spa�
tial distribution of the inhomogeneities in the XOZ
plane (if the wind velocity vector is codirectional with
the propagation axis OZ).

To construct the 3D distribution, we should make
some assumptions about measurement of air density in
a horizontal direction normal to the wind. We can
assume that the air density changes in this direction
similar to the density change in a direction along the
wind velocity vector or in a vertical direction. The
transverse dimensions of the resulting 3D array can be
several kilometers or more. In our case (on the basis of
measurements [27, 28]), the 3D distribution of the
refractive index is to be constructed with a lateral step
of 192 m along the vertical axis OX.

The construction of the 3D array allows us to pro�
ceed to the next step—the calculation of the beam
refraction (beam shift as a whole). This refraction con�

x

y z

 Transmitter Turbulent inhomogeneities

Receiver

Fig. 1. 3D refractive index distribution.
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sists of the regular refraction in a vertical plane at the
mean air density profile (ISA or other atmospheric
model chosen) and the refraction in vertical and hori�
zontal planes at large�scale inhomogeneities on the
basis of the resulting (measured or simulated) 3D data
array (see Fig. 1). There are many methods for calcu�
lation of the regular refraction. A parabolic equation
(i.e., paraxial approximation) is usually used in the
calculation of radiation propagation; therefore, we
calculate the regular refraction in this approximation.
Geometrical beam bending (refraction) in the paraxial
approximation is defined by the equation

(8)

where R = {x, y} is the radius�vector in a plane normal
to the propagation axis OZ.

Refractive index gradient (8) is connected with the
vertical air density profile via the following equation:

(9)

where  = G is the Gladstone–Dale constant.

Solving Eq. (8) for the axial ray of a laser beam
(using interpolation in the calculation of gradients at
internode points of the 3D array) we plot a trajectory
of the axial ray (dashed curve in Fig. 1). The refractive
index gradient is constant on the scale of laser beam
transverse dimension (1–2 m) for inhomogeneities
larger than 200 m; therefore, all other rays of this beam
shift parallel to the axial ray. For further calculations,
we change coordinates to a new system where the lon�
gitudinal axis coincides with the ray trajectory calcu�
lated for the axial beam (dashed curve in Fig. 1).

When solving the long�path propagation problem,
we should take into account inhomogeneities on all
scales. Therefore, after calculation of the regular dif�
fraction, we supplement the 3D turbulence model
(data array) with a set of classical phase screens that
simulate inhomogeneities smaller than 100 m. As a
result, we obtained a turbulence model in the form
shown in Fig. 2.

The axis of this figure coincides with the ray trajec�
tory (dashed curve); it is straight in these coordinates.
Transverse sizes in this figure are chosen, as is usual in
similar calculations, i.e., several maximal (along the
propagation path) laser beam sizes. The phase screens
simulate inhomogeneities from 1 cm to tens of meters.
The medium between the screens simulates large�scale
inhomogeneities obtained from experimental data or
from numerical simulation of atmospheric currents
100 m in size and larger. Thus, the atmospheric model
shown in Fig. 2 covers the whole spectrum of atmo�
spheric inhomogeneities.

It is evident that not only the gradient of refractive
index inhomogeneity is constant within the transverse
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beam size (1–2 m), but also its second derivatives.
Then, the distribution of refractive index perturba�
tions between the turbulent screens in Fig. 2 can be
represented as 

(10)

where the second derivatives, as the gradients, are cal�
culated at a point on the axial ray (dashed curve in Fig. 1)
by the interpolation method. There are no gradients
(first derivatives) in expansion (10), since their effect
on the radiation propagation was considered at the
previous step, when solving Eq. (8).

Hence, simulation of laser radiation propagation
along a long path reduces to the numerical solution of
the parabolic equation for a medium represented by
the 3D turbulence model (see Fig. 2). This approach
differs from the classical method in the presence of
refraction medium (10) between turbulent screens.
Therefore, the problem of radiation propagation
between the screens cannot be solved like the diffrac�
tion problem, since it requires additional construction
of refraction screens. Dividing the distance between
the screens to steps Δz, we form a phase screen in each
plane zi with a parabolic phase distribution of S(zi, x, y),
corresponding to the geometrical phase incursion dur�
ing a step (10):

(11)

Thus arranging turbulent and refraction screens
along the path, we calculate the laser radiation propa�
gation by a common scheme.

The above algorithm for numerical simulation of
laser beam propagation along slightly inclined atmo�
spheric paths is actually a development of the tradi�
tional half�split method to the case of joint accounting

2
2

2

2
2 2 2

2

( , , )
( , , )

( , , )
( ) ( ) ,xx yy

d n z x y
n z x y x

dx

d n z x y
y n z x n z y

dy

Δ =

+ ≡ +

2 2

( , , ) ( , , )

1 ( ( ) ( ) ).
2

i i

xx yy

S z x y k zn z x y

k z n z x n z y

= Δ

= Δ +

 Large�scale inhomogeneities

 Phase screens

Fig. 2. 3D model of turbulent medium.
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for turbulence and refraction at large�scale inhomoge�
neities. The algorithm consists of three steps. First, it
is necessary to built a 3D array that simulates large�
scale (100 m and larger) inhomogeneities of distribu�
tion of the refractive index of an inhomogeneous
medium (atmosphere). During the next step, the geo�
metrical trajectory of the axial beam is calculated in
this medium. Simultaneously, the first and second lat�
eral derivatives of the refractive index are calculated to
construct the 3D turbulence model (see Fig. 2). Dur�
ing the last step, the parabolic equation is solved for
the turbulent medium with regular inhomogeneities of
the refractive index.

CONCLUSIONS

The approach to the problem of propagation simu�
lation presented in this work differs significantly from
the classical approach. Within the model suggested,
beam refraction and focusing at large�scale inhomo�
geneities can be taken into account along with beam
distortions at small�scale inhomogeneities and its reg�
ular vertical refraction. In the next work, we will show
that the presence of large�scale inhomogeneities simi�
lar to those observed in the experiment [27, 28] can
strongly affect the radiation propagation and, in par�
ticular, significantly change the diffraction limit for a
long propagation path. This change can be toward
both increase and decrease in the diffraction limit
depending on implementation of large�scale density
fluctuations along the path.

We will also show that methods developed in the the�
ory of aberration�free Gaussian beam propagation allow
a significant increase in the speed of numerical calcula�
tions during solution of the parabolic equation for the
given turbulence model without loss of accuracy.
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